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Abstract
The equivalence between the holographic renormalization group and the soft
dilaton theorem is shown for a class of warpped metrics solutions of the string
beta function equations for the bosonic string.
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A renormalization group interpretation of the holographic map ([15][13][23]) between
quantum field theories (QFT) in four dimensions and classical gravity in five-dimensional
space-time has been the subject of a bunch of recent papers ([2][3][4][5] [6][7][11][12]
[20][8][22]). The main idea underlying the renormalization group approach (RGA) to holog-
raphy stems from the interpretation of the running of the coupling constants of the four
dimensional QFT as Einstein’s equations of five-dimensional gravity plus matter. This
approach rests on the holographic map relating QFT couplings with boundary values of
five-dimensional background fields.
Let S(gµν ,Φi) stand for the classical Einstein action evaluated on shell, at the points
gµν(x¯, ρ),Φi(x¯, ρ) solutions of the classical equations of motion with fixed boundary con-
ditions, gµν(x¯) ≡ gµν(x¯, ρ = ∞); Φi(x¯) ≡ Φi(x¯, ρ = ∞) at ρ = ∞. The space-time
background metric preserving four dimensional Poincare invariance would be given by
ds2 = gµν(x¯, ρ)dx
µdxν + dρ2 (1)
The holographic map ([15][13][23]) dictates that QFT correlators are given in the large N
limit in terms of the classical action S(gµν ,Φi) through:
< Θi1(x¯1), . . .Θin(x¯n) >=
δnS(gµν ,Φi)
δΦi1(xi1) . . . δΦin(xin)
|
Φi=Φ
(0)
i
(2)
where the Φ
(0)
i parametrize the particular QFT under consideration, and where the
correspondence
Φi → Θi (3)
between five dimensional fields and four dimensional local observables has been employed.
The five dimensional bulk action S(gµν ,Φi) is infrared (IR) divergent (due to the con-
tributions of the boundary ρ = ∞). This corresponds to QFT ultraviolet (UV) infinities,
and is the essential ingredient of the IR/UV connection ([21]).A regulator can be easily
introduced, for example, by cutting down the region ρ > Λ (cf.[14][8][22]), and be used to
define , in Wilsonian sense, correlators at the scale Λ. Demanding that physical observables
1
should be independent of the particular value chosen for Λ then implements the Callan-
Symanzik (CS) equations of the corresponding QFT. From the five-dimensional bulk point
of view, this is equivalent to demanding invariance under translations in the holographic
direction, ρ → ρ + a. In ([8]) the CS equation was thus recovered from the Hamilton
constraint H = 0 corresponding to the holographic time ρ 2
Given a generic metric where four dimensions are fibered in a nontrivial way over the
holographic coordinate, such as:
ds2 = a2(ρ)d~x24 + dρ
2, (4)
where d~x24 stands for the flat minkowskian metric, the holographic version of Callan
Symanzik equation for dimensionless physical quantities A, is ( [8]):
(a
∂
∂a
− βi
∂
∂Φi
)A = 0 (5)
with
βi ≡ a
∂
∂a
Φi. (6)
It is then plain that the warping factor a plays precisely the roˆle of the renormalization
group scale µ.3
The purpose of this letter is to relate equation (5) with the string soft dilaton theorem
[1].
Let us consider the simplest case, namely the open bosonic string. Divergences of
pure gluonic one-loop amplitudes come from the boundary of the moduli space of the
annulus. It is a well known fact since the early days of string theory that those divergences
could be absorbed into a renormalization of both the string coupling constant, g and
the string tension, α′. To be specific, the open string one loop ultraviolet divergences
2 A Hamilton-Jacobi approach to the renormalization group for non critical strings on cosmological
backgrounds was also pointed out by Polyakov in reference ([16])
3For an early version of this identification, based on Polyakov’s ideas for the confining string description
of pure Yang-Mills ([17][18] [19]), see [4].
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can be represented as insertions of closed string dilaton vertex operators evaluated at at
zero momentum . This is the reason why the infinities can be absorbed into changes of
α′, because those correspond to dilaton insertions. The full soft dilaton theorem can be
summarized in the following equation ([1])
(ls
∂
∂ls
−
(d− 2)g
4
∂
∂g
)A(κ1 . . . κn) = limp→0A(p; κ1 . . . κn)J∆(p). (7)
where α′ ≡ l2s , d is the space-time dimension in which the gluonic momenta, κ1 . . . κn can
lie, and in the right hand side J is zero momentum dilaton tadpole and ∆(p) the dilaton
propagator. The coupling g is the open string coupling constant.
It is perhaps worth stressing that the validity of equation (7) [17][18]does not depend
on working in the critical dimension.
When the string background is a consistent solution of the sigma model conformal
invariance conditions ([9],[10]) dilaton tadpoles should vanish, and the equation becomes:
(ls
∂
∂ls
−
(d− 2)g
4
∂
∂g
)A(κ1 . . . κn) = 0, (8)
which when d = 4 will be taken as our starting point. Let us evaluate it for a conformally
invariant string background, i.e., to lowest order in α′, a solution of the equations:
Rµν −∇µ∇νΦ = 0
∇2Φ + (∇Φ)2 = 0 (9)
Based on the soft dilaton theorem, the following solution was derived in ([5])
ds2 =
ρ
lc
d~x24 + dρ
2
Φ(ρ) = −logρ (10)
In [5][6] has been argued that this metric is in some sense a universal string background
canonically associated to gauge quantum field theories. Using now the specific dilaton
dependence as determined in (10) in equation (6) yields:
βΦ = a
∂Φ
∂a
= −2 (11)
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which turns the holographic renormalization group equation (5) into:
(a
∂
∂a
+ 2
∂
∂Φ
)A = 0. (12)
Using now the well-known relationship between the string coupling and the dilaton back-
ground namely,
g ≡ e−Φ/2, (13)
and interpreting ρ in the metric (10) as a four-dimensional running string tension ([19])
easily yields from (12)
(ls
∂
∂ls
−
(d− 2)g
4
∂
∂g
)A = 0 (14)
which is exactly the four dimensional soft dilaton theorem.
Please note that from the present point of view the dynamics underlying the Callan-
Symanzik equation is just the conditions for the conformal invariance of the two-dimensional
string sigma model and the fact that open string one loop divergences just happen to be
represented by insertions of closed string vertex operators.
As a general comment, it is plain that the open/closed interelationship (as encoded in
the soft dilaton theorem and otherwise) seems to underlie the whole holographic interpre-
tation of gauge theories.
Four dimensional conformally invariant field theories , defined by βi = 0, do not renor-
malize the string coupling constant. Both this fact and the numerical value (0) of the
second member of the background equation 4 (9) are related to poorly understood (closed)
tachyon condensates and the Liouville nature of the holographic coordinate. Finally we
address the attention of the reader to the peculiar (from the renormalization group view-
point) minus sign both in the holographic renormalization group (equation 5) and in the
soft dilaton theorem equation (7). From the Hamilton-Jacobi point of view [8] this sign
could be related with the wrong sign of the conformal factor in Einstein action while in
the context of the soft dilaton theorem the sign is related to invariance of the gravitational
4Which in turn uniquely selects d = 4.
4
constant κ with respect to shifts of the dilaton field. The sign in (14) depends on the
particular identification between ρ and ls; we have used the dimension of ρ as defined by
the metric (10).
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